Abstract. We consider the construction of twisted tensor products in the category of C * -algebras equipped with orthogonal filtrations and under certain assumptions on the form of the twist compute the corresponding quantum symmetry group, which turns out to be the generalized Drinfeld double of the quantum symmetry groups of the original filtrations. We show how these results apply to a wide class of crossed products of C * -algebras by actions of discrete groups. We also discuss an example where the hypothesis of our main theorem is not satisfied and the quantum symmetry group is not a generalized Drinfeld double.
Introduction
The study of quantum symmetry groups (in the framework of compact quantum groups of Woronowicz, [48] ) has started from the seminal paper of Wang ([46] ), who studied quantum permutation groups and quantum symmetry groups of finite-dimensional C * -algebras equipped with reference states. Soon after this, the theory of quantum symmetries was extended to finite metric spaces and finite graphs by Banica, Bichon and their collaborators (see [3, 4, 13] , and more recently [41] and [23] ), who uncovered several interesting connections to combinatorics, representation theory and free probability ( [37] , [43] , [5] and the references therein). The next breakthrough came through the work of Goswami and his coauthors ( [9, 20] ), who introduced the concept of quantum isometry groups associated to a given spectral triple á la Connes, viewed as a noncommutative differential manifold (for a general description of Goswami's theory we refer to a recent book [21] , another introduction to the subject of quantum symmetry groups may be found in the lecture notes [1] ). Among examples fitting in the Goswami's framework were the spectral triples associated with the group C * -algebras of discrete groups, whose quantum isometry groups were first studied in [12] , and later analyzed for example in [6] , [7] and [31] .
Historically, the main source of examples of quantum groups was the deformation theory related to the quantum method of the inverse problem and the desire to study a quantum version of the Yang-Baxter equation ([18] ); and in fact already this early work gave rise to the construction of what is now called the Drinfeld double, which plays an important role in this paper. Later, when the theory became to be viewed as one of the instances of the noncommutative mathematics à la Connes ([16] ), there was a hope that by analogy with the classical situation the quantum groups might arise as quantum symmetries of physical objects appearing in the quantum field theory. It is worth mentioning that Goswami's theory was in particular applied to compute the quantum isometry group of the finite spectral triple corresponding to the standard model in particle physics ( [16] , [15] ), for which we refer to Chapter 9 of [21] .
In fact the examples related to group C * -algebras of discrete groups motivated Banica and Skalski to introduce in [8] a new framework of quantum symmetry groups based on orthogonal filtrations of unital C * -algebras, which will be the main focus of our paper. Before we pass to a more specific description, we should mention that Thibault de Chanvalon generalized in [44] this approach further to orthogonal filtrations of Hilbert C * -modules. The concept of an orthogonal filtration of a given unital C * -algebra A with a reference state τ A is essentially a family of mutually orthogonal (with respect to the scalar product coming from τ A ) finite-dimensional subspaces spanning a dense subspace of A. The corresponding quantum symmetry group is the universal compact quantum group acting on A in such a way that the individual subspaces are preserved. The article [8] proves that such a universal action always exists and discusses several examples. The problems related to the study of quantum symmetry groups in this setup are twofold: first we need to construct a natural filtration on a C * -algebra, and then we want to compute the corresponding quantum symmetry group.
The starting point for this work was an observation that if a C * -algebra A is equipped with an orthogonal filtration and we have an action of a discrete group Γ on A, preserving the state τ A , then the corresponding crossed product admits a natural orthogonal filtration (Proposition 6.13), which we will denote A ⋊ β B. Note here that the crossed product construction, generalizing that of a group C * -algebra, on one hand yields a very rich and intensely studied source of examples of operator algebras, and on the other was originally motivated by the desire to model inside the same C * -algebra both the initial system, and the group acting on it in a way compatible with the action -in other words, making the action implemented by a unitary representation. The attempts to compute and analyze the resulting quantum symmetry groups have led, perhaps unexpectedly, to discovering deep connections between the quantum symmetry group construction and the notion of a generalized Drinfeld double of a pair of (locally) compact quantum groups linked through a bicharacter, as studied for example in [2, 39] . This motivated us to extend the original question to the context of twisted tensor products of [35] .
Let A and B be C * -algebras equipped with reduced actions γ A and γ B of locally compact quantum groups G and H, respectively. Then the twisted tensor product of A and B, denoted A⊠ V1 B, is a C * -algebra defined in terms of the maps γ A , γ B and a bicharacter V 1 belonging to the unitary multiplier algebra of C 0 (Ĝ) ⊗ C 0 (Ĥ). For the trivial bicharacter V 1 = 1, the C * -algebra A ⊠ V 1 B is the minimal tensor product A ⊗ B. When A, B are unital C * -algebras, A ⊠ V 1 B is a unital C * -algebra. Our main result is the following: suppose that A and B are two unital C * -algebras equipped with orthogonal filtrations A and B, respectively, that γ A , γ B are filtration preserving reduced actions of compact quantum groups G and H on A and B, and that V 1 ∈ U(C 0 (Ĝ) ⊗ C 0 (Ĥ)) is a bicharacter. Universality of QISO( A) and QISO( B) gives a unique bicharacter V ∈ U(C 0 ( QISO( A)) ⊗ C 0 ( QISO( B))) lifting V 1 . Then one can always construct a natural orthogonal filtration A ⊠ V 1 B on A⊠ V 1 B, and moreover, the resulting quantum symmetry group QISO( A⊠ V 1 B) is a generalized Drinfeld double of QISO( A) and QISO( B) with respect to V (Theorem 5.1 and Theorem 5.4).
Next, we try to apply Theorem 5.4 to compute the quantum symmetry group of A ⋊ β,r Γ in terms of the quantum symmetry groups of A and B, where the latter is a natural filtration of C * r (Γ). It turns out (Theorem 6.2) that if the action β of Γ on A factors through the action of the quantum symmetry group of A then indeed, we can apply Theorem 5.1 to prove that the quantum symmetry group of A ⋊ β,r Γ is a generalized Drinfeld double of the quantum symmetry groups of A and B. Our result can be applied to a wide class of crossed products, including noncommutative torus, the Bunce-Deddens algebra, crossed products of Cuntz algebras studied by Katsura as well as certain crossed products related to compact quantum groups and their homogeneous spaces. We also exhibit an example where the hypothesis of Theorem 6.2 does not hold and the quantum symmetry group of the crossed product is not of the generalized Drinfeld double form.
In order to establish Theorem 5.4, we need a certain universal property of the universal C * -algebra associated with a Drinfeld double. Although in the context of quantum symmetry groups it suffices to work with compact/discrete quantum groups, the property we mention remains true in the general locally compact setting, being a natural framework for studying twisted tensor products and Drinfeld doubles; thus we choose to consider this level of generality in the first few sections of the paper. For locally compact quantum groups, we refer to [27, 28] and [47] ; we will in fact only use the C * -algebraic aspects of the theory. The plan of the article is as follows: in Section 2, after fixing the notations and conventions for locally compact quantum groups, we discuss the theories of twisted tensor product of C * -algebras and generalized Drinfeld doubles developed in [35] and [39] , respectively. In Section 3 we study the 'universal C * -algebra' associated to the generalized Drinfeld double, and prove two results about its action on twisted tensor products, namely Lemma 3.4 and Theorem 3.5. Section 4 is devoted to showing that if A and B are unital C * -algebras equipped with orthogonal filtrations and V is a bicharacter in the unitary multiplier algebra of C 0 ( QISO( A)) ⊗ C 0 ( QISO( B)), then the twisted tensor product A ⊠ V B also admits a natural orthogonal filtration A ⊠ V B with respect to the twisted tensor product state. In Section 5 we prove the main result of this article which says that QISO( A ⊠ V B) is canonically isomorphic to the generalized Drinfeld double of QISO( A) and QISO( B) with respect to the bicharacter V. Finally in Section 6 we show that the above theorem applies to reduced crossed products A ⋊ β,r Γ for group actions of a specific form (Theorem 6.2). We also discuss several natural examples in which the assumptions of Theorem 6.2 are satisfied. In Subsection 6.4, we show that the conclusion of Theorem 6.2 fails to hold for more general actions. Finally we discuss further possible extensions of such a framework to twisted crossed products and to crossed products by actions of discrete quantum groups.
Example 2.2. Every compact group G can be viewed as a compact quantum group by setting C = C(G) and
Also, every discrete group Γ gives rise to a compact quantum group by fixing C = C * r (Γ) and ∆ C (λ g ) := λ g ⊗ λ g , where λ is the regular representation of Γ on L 2 (Γ) and g ∈ Γ is arbitrary; we could as well choose here the full group C * -algebra C * (Γ), as will be discussed below.
Nonunital Hopf C * -algebras are noncommutative analogue of locally compact semigroups satisfying the cancellation property. The question of how one should define locally compact quantum groups was studied for many years, with the approach by multiplicative unitaries initiated by Baaj and Skandalis [2] and later developed in [47] by Woronowicz, and a generally accepted notion based on von Neumann algebraic techniques proposed by Kustermans and Vaes in [29] (see also a later paper [33] ). One should note here also an earlier von Neumann algebraic approach presented in [32] , and also the fact that both articles [33] and [29] drew on the algebraic duality techniques of [45] .
Thus a locally compact quantum group G is a virtual object studied via its associated operator algebras, in particular the von Neumann algebra L ∞ (G) equipped with a comultiplication ∆ :
and the left and right Haar weights. We assume that L ∞ (G) is represented on L 2 (G), the GNS-Hilbert space of the right Haar weight. The key fact connecting the approach of Kustermans and Vaes with these of [2] and [47] is the existence of a distinguished
, whose properties we will now describe. Let H be a Hilbert space. Recall that a multiplicative unitary is an element W ∈ U(H ⊗ H) that satisfies the pentagon equation
is a Hopf C * -algebra (see [42, 47] ), which is said to be generated by W.
In particular when we return to the Kustermans-Vaes setup, we denote the C * -algebra C as-
and the respective coproducts are compatible and will both be denoted by ∆ G (or ∆ if the context is clear).
The dual of a multiplicative unitary W ∈ U(H ⊗ H) is given by the formula W := ΣW * Σ ∈ U(H ⊗ H). Moreover, W is manageable whenever W is. It turns out that if we start from a locally compact quantum group G we can associate to it another locally compact quantum group which we denoteĜ and call the dual locally compact quantum group of G, so that WĜ = W. We naturally
Since the dual of W is equal to W, we obtain a canonical isomorphismĜ ≈ G.
Example 2.3. Let G be a locally compact group and µ be its right Haar measure. Then the operator
, is a (manageable) multiplicative unitary. The resulting locally compact quantum group is given simply by the algebra C 0 (G) with the comultiplication determined by the formula
An element U ∈ U(D⊗C) is a right corepresentation of C in D if and only ifÛ := σ(U * ) ∈ U(C⊗D) is a left corepresentation of C in D. From now on we reserve the word "corepresentation" for right corepresentations. Moreover if G is a locally compact quantum group then we call right corepresentations of C 0 (G) simply (unitary, strongly continuous) representations of G.
Consider a locally compact quantum group G and the manageable multiplicative unitary
. Thus we can also view W G as a unitary element of the abstract C * -algebra M(C 0 (Ĝ)⊗C 0 (G)), called the reduced bicharacter of G. Indeed, it satisfies the following bicharacter conditions (see Definition 2.8):
Therefore, W G is a representation of G in C 0 (Ĝ) and also a (left) representation ofĜ in C 0 (G). Finally note that in fact the Haar weights will not play any significant role in this paper and we will concentrate on the C * -algebraic setup.
Universal algebras of locally compact quantum groups.
Suppose G is a locally compact group. If G is not amenable (for example, G = F 2 ), the convolution algebra of compactly supported continuous functions on G can have more than one C * -algebraic completion. By completing the convolution algebra of G in the norm topology of B(L 2 (G)), we get the reduced group C * −algebra C * r (G). On the other hand, the quantity
defines a pre-C * -algebraic norm on the convolution algebra C c (G). The completion of C c (G) with respect to · u defines a C * algebra known as the full group C * algebra of G and denoted by C * (G). There always exists a canonical surjective C * -homomorphism from C * (G) to C * r (G). When G is not amenable, this homomorphism is not one-to-one. For more details, we refer to [36] . This explains the need to associate with any locally compact quantum group, apart from the 'reduced algebra of functions', discussed in the last subsection, also its 'universal' counterpart, which we describe in what follows.
Let G be a locally compact quantum group. By [27] (see also [42, Proposition 22 & Theorem 25] ), the algebra C 0 (G) admits also a universal version, denoted C u 0 (G), characterized by the fact that there exists a canonical 1-1 correspondence between representations ofĜ and C * -algebraic representations of C u 0 (G), implemented by the 'semi-universal' version of the multiplicative unitary
The correspondence mentioned above is of the following form: given any (left)
The algebra C * -algebra (see [42, Proposition 31] ). By certain abuse of notation we will write id G for both id C 0 (G) and id C u 0 (G) , with the specific meaning clear from the context. For clarity, we will also sometimes write ∆ u G for ∆ u . Further note that the universality of W G gives a unique Λ G ∈ Mor(C u 0 (G), C 0 (G)), known as the reducing morphism, satisfying the equations
Another application of the universal property yields the existence of the character e : C u 0 (G) → C, called the counit, associated to the trivial representation ofĜ: 6) with the following property:
Naturally the construction described above can be applied also to the dual locally compact quantum groupĜ, yielding the (Hopf)-
, reducing morphism ΛĜ, etc. In fact Kustermans showed the existence of the 'fully universal'
We call G coamenable if the reducing morphism Λ G is an isomorphism. This is the case for G classical or discrete. On the other hand the dual of a classical locally compact group G is coamenable if and only if G is amenable. Indeed, we have C
where u g denotes the image of g under the universal representation. By analogy with the notation introduced before, for a compact quantum group G we will write simply C u (G) for C u 0 (G). Each of the algebras C(G) and C u (G) contain then a canonical dense Hopf *-subalgebra, Pol(G), and in fact Pol(G) may admit also other, so-called exotic completions to Hopf C * -algebras (see [30] ).
2.3.
Coactions, bicharacters and quantum group morphisms. In this short subsection we discuss quantum group actions and the notion of morphisms between locally compact quantum groups.
(1) γ is a comodule structure (in other words, it satisfies the action equation), that is,
(2) γ satisfies the Podleś condition:
In the case where (C, ∆ C ) = (C 0 (G), ∆ G ) for a locally compact quantum group G, we call γ simply the (reduced) action of G on A, and the pair (A, γ) is called a G-C * -algebra. Sometimes one needs also to consider universal actions of G (i.e. the coactions of the Hopf C * -algebra C u 0 (G)). Let us record a consequence of the Podleś condition for * -homomorphisms.
Proof. The Podleś condition implies that γ(A)(A⊗C)
Applying the adjoint to the last equality we also get (
A covariant representation of the coaction (A, γ) on a Hilbert space H is a pair (U, ϕ) consisting of a corepresentation U ∈ U(K(H) ⊗ C) of C on H and a representation ϕ ∈ Mor(A, K(H)) that satisfy the covariance condition In this article we are mainly going to work with compact quantum groups G and unital G-C * -algebras (A, γ) with a faithful state τ on A such that γ preserves τ , i.e.
Let us note that such actions are always injective. We will now define bicharacters associated to two given Hopf C * -algebras. This notion plays a fundamental role in describing morphisms between locally compact quantum groups. Definition 2.8. Let (C, ∆ C ) and (D, ∆ D ) be Hopf C * -algebras. An element V ∈ U(C ⊗ D) is said to be a bicharacter if it satisfies the following properties
The notion of bicharacter for quantum groups is a generalization of that of bicharacters for groups. Indeed, let G and be H be locally compact abelian groups. An element V ∈ U(C 0 (Ĝ) ⊗ C 0 (Ĥ)) is simply a continuous map V :Ĝ ×Ĥ → T and the conditions (2.11) and (2.12) say that this map is a bicharacter in the classical sense.
Let G and H be locally compact quantum groups.
are interpreted as quantum group morphisms from G to H. The article [34] contains a detailed study of such morphisms and provides several equivalent pictures. Since the notion of bicharacters is going to be crucially used in the article, let us recall some of the related definitions and results from that paper. For simplicity we will describe below quantum group morphisms from G toĤ.
A right quantum group homomorphism from G toĤ is an element ∆ R ∈ Mor(C 0 (G), C 0 (G) ⊗ C 0 (Ĥ)) with the following properties:
(2.13)
Theorem 2.10 ([34]).
Let G and H be locally compact quantum groups. There are natural bijections between the following sets:
A bicharacter V and a right quantum group homomorphism ∆ R determine each other uniquely via
The dual bicharacter V ∈ U(C 0 (Ĥ) ⊗ C 0 (Ĝ)) should be thought of as the dual quantum group morphism from H toĜ. It corresponds to the dual right quantum group homomorphism∆ R ∈ Mor(C 0 (Ĥ), C 0 (Ĥ) ⊗ C 0 (G)). Thus ∆ R and∆ R are in bijection as V and V are. Finally, the dual bicharacter describes a unique Hopf
Thus f andf determine each other uniquely by
Yet another equivalent description of quantum group homomorphisms [34, Section 6] shows that for an injective coaction γ ∈ Mor(A, A ⊗ C 0 (G)) and a right quantum group homomorphism
there is a unique injective coaction δ ∈ Mor(A, A ⊗ C 0 (Ĥ)) such that the following diagram commutes:
) be the Hopf * -homomorphism corresponding to ∆ R . Then we say that δ is induced from γ by ∆ R or f . The following lemma describes δ explicitly.
Proof. By the uniqueness of δ, it is enough to show that δ satisfies the equation
Using this equation and properties of γ and γ u we obtain
2.4.
Twisted tensor product C * -algebras and the action of the Drinfeld double. In this subsection we recall the notion of quantum group twisted tensor product of C * -algebras as developed in [35] and the action of the generalized Drinfeld double on the twisted tensor product constructed in [39] .
We start with the following data: let G and H be locally compact quantum groups, let (A, γ A ), (B, γ B ), be a G-C * -algebra, respectively a H-C * -algebra, such that γ A and γ B are injective maps and let V ∈ U(C 0 (Ĝ) ⊗ C 0 (Ĥ)) be a bicharacter (viewed as a morphism from G toĤ).
By [35, Lemma 3.8] , there exists a V-Heisenberg pair, i.e. a Hilbert space H and a pair of representations α ∈ Mor(C 0 (G), K(H)) and β ∈ Mor((C 0 (H), K(H)) that satisfy the following condition: 23 . We recall [35, Example 3.2] to motivate the notion of V-Heisenberg pairs. Indeed, let G = H = R and consider a standard bicharacter V ∈ U(C 0 (R) ⊗ C 0 (R)), i.e. the map (s, t) → exp(ist). Then the maps α and β satisfying the condition (2.18) can be equivalently described as a pair of continuous one-parameter unitary groups (U 1 (s), U 2 (t)) s,t∈R satisfying the canonical commutation relation in the Weyl form:
Then we have the following theorem.
Theorem 2.12 ([35, Theorem 4.6]). The space
A ⊠ V B := j A (A)j B (B) is a C * -algebra,
which does not depend (up to an isomorphism) on the choice of the V-Heisenberg pair (α, β).
Let V = 1 ∈ U(C 0 (Ĝ) ⊗ C 0 (Ĥ)) be the trivial bicharacter. The associated twisted tensor product of A and B is isomorphic to the minimal tensor product A ⊗ B. Further, if Γ is a discrete group acting on a unital C * -algebra A via an action β, then the reduced crossed product A ⋊ β,r Γ is another particular example of the above construction. We formalize this observation in the theorem below.
Proposition 2.13 ([35, Theorem 6.3]). Let Γ be a discrete group, and assume that γ
Here we have used the canonical faithful representations of C 0 (Γ) and
The generalized Drinfeld double D V of G and H with respect to the bicharacter V is a locally compact quantum group described (see [39, Theorem 5.1(ii)]) as follows:
for all x ∈ C 0 (G) and y ∈ C 0 (H). Here ρ and θ form a pair of faithful representations of C 0 (G) and C 0 (H) on a Hilbert space H D that satisfies V-Drinfeld commutation relation:
Lemma 2.14. There is a faithful representation Π :
is the unique unitary that satisfies 
. Here α and β are acting on the third leg and ρ and θ are acting on the fourth leg. Similarly, we have
Now (α,β) is a V-Heisenberg pair on H ⊗ H D (see the proof of [39, Lemma 6.3] ). Therefore, we have the same commutation relation (2.25) if we replace α byα and β byβ. This gives the equality U
Using (2.26) and (2.24) we compute (for a ∈ A, b ∈ B)
Since Π is injective we conclude that γ A ⊲⊳ γ B is also injective.
Finally note the special (trivial) case of the above construction. The generalized Drinfeld double of locally compact groups G and H associated to the trivial bicharacter V = 1 ∈ U(C 0 (Ĝ)⊗C 0 (Ĥ)) is just the cartesian product of the initial groups:
canonically coacts (component-wise) on A ⊗ B which is a particular case of (2.24). Furthermore for any locally compact quantum group G the generalized Drinfeld double of G andĜ with respect to the reduced bicharacter W G ∈ U(C 0 (Ĝ) ⊗ C 0 (G)) coincides with the usual Drinfeld double of G.
Universal C * -algebras of Drinfeld doubles and their universal property
Let G and H be locally compact quantum groups and let V ∈ U(C 0 (Ĝ)⊗C 0 (Ĥ)) be a bicharacter. Recall that the dual of the generalized Drinfeld double D V is the quantum codouble D V defined by
The goal of this section is to prove the existence of a coaction of C u 0 (D V ) on A⊠ V B (Lemma 3.4) satisfying a universal property formalized in Theorem 3.5. Let us start by proving the existence of a V-Drinfeld pair at the universal level.
Proposition 3.1. There exists a unique pair of morphisms
) satisfying the following commutation relation:
Therefore, we have
Taking the slice on the first and second leg by ω 1 ⊗ ω 2 for all ω 1 ∈ C 0 (Ĥ) ′ , ω 2 ∈ C 0 (Ĝ) ′ and using the first equality in (3.2) we obtain 
. Using the first equality in (3.2) we have
Clearly, the first leg in the term of the left hand side and the second leg in the term of the right hand side of the above equation are trivial. Hence, both the terms are equal to 1Ĥ ⊗ 1Ĝ ⊗ u for some element u ∈ U(C 0 (D V )). In particular, we have
is the bicharacter induced by the Hopf * -homomorphism ρ. Then (3.3) and (2.16) show that ρ u is a Hopf * -homomorphism which is the unique universal lift of ρ. Slicing the first leg of the both sides of (3.3) with ω
The rest of the proof follows in a similar way.
3.1. Coaction on the twisted tensor products. As a prelude to the results proved in the next section, we show that there is a unique coaction γ 
Proof. 
Therefore, by (2.24), for a ∈ A we have
where the last equality uses Lemma 3.3 and the definition of induced coactions.
Let
By (2.22) and repeated application of (3.5), (2.24) and Lemma 3.3 gives
The second part of (3.4) can be shown similarly. 
If G is compact then we get the usual definition of faithfulness of the action γ u A :
* -algebra generated by the set 
Then there is a unique Hopf
Proof. Denote the induced coactions of C 0 (G) and C 0 (H) on A and B by γ A and γ B , respectively. Since γ 
By [40, Proposition 5.10], j A and j B satisfy the following commutation relation:
This implies that
This is in turn equivalent to 
Using the properties of W G , W H , Λ G , Λ H and the equations (2.18), (3.6) we obtain:
. In the computation above the morphisms α, β are acting on the third leg, ρ 1 , θ 1 are acting on the fourth leg andᾱ,β are acting on the fifth leg, respectively.
Similarly, we get
Repeating the argument used in the proof of Lemma 3.3 we can conclude that u = 1 and this completes the proof.
Orthogonal filtrations of C * -algebras and their quantum symmetries
The theory of quantum symmetry group of orthogonal filtrations first appeared in [8] . Later, M. Thibault de Chanvalon extended the theory to Hilbert modules in the paper [44] . In this section we recall the notions of orthogonal filtration of a unital C * -algebra and their quantum symmetry groups as developed in these two papers. Then, under suitable conditions, we prove the existence of a canonical filtration of twisted tensor products.
Definition 4.1 ([44], Definition 2.4). Let A be a unital C
* -algebra and let τ A be a faithful state on A. An orthogonal filtration for the pair (A, τ A ) is a sequence of finite dimensional subspaces
We will usually write A for the triple (A, τ A , {A i } i≥0 ) as above. However, if we view a unital C * -algebra A as a right Hilbert module over itself and we take W = C1 A and J to be the map a → a * , then the above definition indeed coincides with the one given in Definition 2.4 of [44] . We should mention that in the original formulation of [8] it was additionally assumed that Span ∪ i≥0 A i is a * -algebra; at the same time the indices i were allowed to come from an arbitrary set. We will occasionally use the latter framework without further comment.
The following example will be crucially used throughout the rest of the article. 
Theorem 4.4 ([8], [44]). Let {A i } i≥0 be an orthogonal filtration for a pair (A, τ A ) as above. Let C( A) be the category with objects as pairs (G, α) where G is a compact quantum group, α is an action of G on A such that α(A i ) ⊆ A i ⊗ alg C(G) for each i ≥ 0, and the morphisms being CQG morphisms intertwining the respective actions. Then there exists a universal initial object in the category C( A) called the quantum symmetry group of the filtration A and denoted by QISO( A). Moreover the action of QISO( A) on A is faithful (see Subsection 3.2 for the definition of faithfulness).
Remark 4.5. As mentioned in Remark 4.2, the definition of an orthogonal filtration in [8] included an additional condition, namely that Span{A i : i ≥ 0} is a * -algebra. However, M. Thibault de Chanvalon showed ( [44] ) that the existence of the quantum symmetry group of an orthogonal filtration can be proved without assuming this extra condition.
Note that we assume throughout that the actions in our category are defined on the reduced level; in fact the construction of the quantum symmetry group in [8] gives naturally an action on the universal level (which then induces the reduced action). A certain care needs then to be taken when one interprets the intertwining relation with respect to the CQG morphisms (acting on the universal level), but this can be always dealt with, for example by exploiting the purely algebraic picture of the actions (see Lemma 4.8).
Remark 4.6. Given a pair (G, α) ∈ C( A) we automatically deduce that the coaction α ∈ Mor(A, A⊗ C(G)) is injective. This is because α preserves the faithful state τ A as observed in [8] , hence it is injective by Lemma 2.7.
Remark 4.7. For a finitely generated countable group Γ and a fixed word-length function l, consider the orthogonal filtration B := (C * r (Γ), τ Γ , {B l n } n≥0 ) of Example 4.3. Then it can be easily seen that (Γ,∆) is an object of the category C( B); in particular we have a morphism from Γ to QISO( B), represented by a Hopf * -homomorphism π Γ ∈ Mor(C u (QISO( B) ), C * (Γ)). Moreover, in [12] , it was proved that for Γ = Z n (n ∈ N, n = 4) C(QISO( C)) ∼ = C * (Γ) ⊕ C * (Γ).
As an immediate application of Theorem 4.4, one can make the following observations.
Lemma 4.8. Let A be as above and let (G, α) be an object in the category C( A). Then we have the following:
(2) The action α is faithful if and only if the C * -algebra generated by {q 
. . , dim (A i )} is equal to C(G). (3) If α is a faithful action, then the canonical morphism (in C(
A)) from C u (QISO( A)) to C(G) is surjective.⊠ V τ B : A ⊠ V B → C by τ A ⊠ V τ B (j A (a)j B (b)) = τ A (a)τ B (b) for all a ∈ A, b ∈ B.(A ⊠ V B, τ A ⊠ V τ B , {j A (A i )j B (B j )} i,j≥0 ) is an orthogonal filtration of A ⊠ V B.
Proof. Define τ
Since the density of S in A ⊠ V B is clear by the definition of A ⊠ V B, we only need to prove that {j A (A i )j B (B j } i,j≥0 is orthogonal with respect to τ A ⊠ V τ B . Indeed, for all a i ∈ A i , b j ∈ B j , a k ∈ A k and b l ∈ B l , we have: C( B) , respectively. Suppose V 1 ∈ U(C 0 (Ĝ) × C 0 (Ĥ)) is a bicharacter. Then universality of QISO( A) and QISO( B) gives the existence Hopf
These admit universal lifts and by Theorem 2.10 induce dual Hopf * -homomorphismŝ
The latter maps allow us to define a bicharacter V ∈ U(C 0 ( QISO( A)) ⊗ C 0 ( QISO( B) ) by the formula V = (f 1 ⊗f 2 )(V 1 ). For the rest of the section, the symbol V will denote a fixed reduced bicharacter belonging to ( QISO( B) )). As a preparation for proving Theorem 5.1, we will first prove some auxiliary results. 
Corollary 4.10. In the situation above, there is a faithful state τ
A ⊠ V1 τ B on A ⊠ V1 B such that the triplet (A ⊠ V 1 B, τ A ⊠ V 1 τ B , {j ′ A (A i )j ′ B (B j )} i,j≥0 ) is an orthogonal filtration of A ⊠ V 1 B,∈ Mor(A ⊠ V B, A ⊠ V 1 B) such that Θ • j A = j ′ A , Θ • j B = j ′ B . (4.2) Then τ A ⊠ V1 τ B := (τ A ⊠ V τ B ) • Θ −1 defines a faithful state on A ⊠ V1 B and the double-indexed family {j ′ A (A i )j ′ B (B j )} i,j≥0 defines an orthogonal filtration of A ⊠ V 1 B with respect to τ A ⊠ V 1 τ B .
Quantum symmetries of twisted tensor product
Moreover, by virtue of (3.4),
Similarly, if j ≥ 0 and {w j,m | m = 1, 2, . . . , dim(B j )} is a basis of B j , then we have elements {r
Therefore, we can conclude that (2) and by the equality (5.1) it is enough to show that the C * -algebra generated by the set {ρ
A and γ u B are faithful coactions, we have: (QISO( B) )), the proof is completed.
Next we prove the following auxiliary result.
for all a ∈ A and b ∈ B.
Proof. By [35, Lemma 5.5] , concerning equivariant completely positive maps, we have
for all a ∈ A, b ∈ B. By Lemma 5.2 and Lemma 4.8 (3) it follows that there is a unique surjective Hopf
Notice that the morphism γ 
Note that we have shown above that
Thus it follows that (5.2) holds, if only we can show that (τ
the image of γ u . For that (by density) we may assume that a ∈ A i , b ∈ B j for some i, j ≥ 0. Since by definition the coaction γ u preserves the subspaces j A (A i )j B (B j ) for all i, j ≥ 0, it has to preserve the subspaces j A (A i ) and j B (B j ) and hence
where in the second equality we used [35, Lemma 5.5] . This shows the desired containment and completes the proof of (5.2).
Similarly we can show that (5.3) holds.
We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. From the Podleś condition for γ u we get
to the both sides of the above equality and using (5.2) and (5.4) gives
and so by Theorem 4.4, there is a Hopf
This yields the following equality:
Hence,
Similarly, we can show that there is a coactionγ A of C u (QISO ( A⊠ V B) ) on A and a Hopf * -homomorphism
By the universal property of C u (D V ) proved in Theorem 3.5, there is a unique Hopf
Using (5.8), (5.10) and (5.5) we have
Similarly, we can show that (id
for all a ∈ A, b ∈ B. Finally, by talking slices with ω ∈ (A ⊠ V B) ′ on the first leg of the the both sides in the above equation and using faithfulness of γ
Thus we are in a position to prove the main result of this article:
be objects in C( A) and C( B) respectively, and suppose we have a bicharacter ( QISO( B) ) be the associated bicharacter as in Corollary 4.10. Then the quantum symmetry group
Proof. The result is an immediate consequence of Theorem 5.1, Corollary 4.10 and its proof.
In particular, we can choose
Also, by virtue of [39, Example 5.10] the reduced Drinfeld double of QISO( A) and QISO( B) with respect to V is QISO( A) ⊗ QISO( B). Thus, denoting the filtration of A ⊗ B coming from Proposition 4.9 by A ⊗ B and using the standard Cartesian product construction for compact quantum groups (so that C
) we obtain the following corollary.
Corollary 5.5. The quantum symmetry group QISO( A⊗ B) is isomorphic to QISO( A)×QISO( B).
In the next example, we apply Theorem 5.4 to describe the quantum symmetry group of a class of Rieffel deformations of unital C * -algebras by actions of compact groups ( [38] , [25] ). These are examples which are not necessarily of the crossed product type; the next section is devoted to the examples arising as reduced crossed products.
Example 5.6. Let A and B be unital C * -algebras equipped with orthogonal filtrations. Assume that G and H are compact abelian groups acting respectively on A and on B in the filtration preserving way (so that they are objects of respective categories). Moreover, let χ :Ĝ ×Ĥ → T be a bicharacter. The coactions
Furthermore χ defines a bicharacter ψ onK via the formula
Since ψ is a bicharacter, it defines a 2-cocycle on the groupK. The Rieffel deformation of the data (E, γ, ψ) yields a new unital C * -algebra E ψ . By Theorem 6.2 of [35], E ψ is isomorphic to A ⊠ ψ B. Therefore, we can apply Theorem 5.4 to compute the quantum symmetry group of E ψ . Concrete examples can be obtained in the following way, using the notions appearing in the next section: take A and B to be any two C * algebras appearing in Examples 6.6, 6.7, 6.8, 6.9 and G = H = T n . Then the homomorphism f λ of Proposition 6.5 defines the required bicharacter.
The case of the reduced crossed products
In this section we will apply the general results obtained before for quantum symmetry groups of twisted tensor products to the case of crossed products by discrete group actions. 6.1. Quantum symmetries of reduced crossed products. Throughout this subsection, we will adopt the following notations and conventions. The triple A := (A, τ A , {A i } i≥0 ) will denote an orthogonal filtration of a unital C * -algebra A. Further Γ will denote a discrete countable group with a neutral element e and a proper length function l : Γ → N 0 , so that the C * -algebra B := C * r (Γ) has the orthogonal filtration B := (C * r (Γ), τ Γ , {B l n } n≥0 ) as in Example 4.3. Symbols γ u A and γ A will denote respectively the universal and reduced version of the action of QISO( A) on A, and W Γ will denote the reduced bicharacter associated to Γ (see Theorem 2.13). Given any action β of Γ on A (classically viewed as a homomorphism from Γ to Aut(A), but here interpreted as a coaction of C 0 (Γ), that is a morphism β ∈ Mor(A, A ⊗ C 0 (Γ)) satisfying the equation (2.8)), we will denote the resulting reduced crossed product, contained in M(A ⊗ K(ℓ 2 (Γ))), as A ⋊ β,r Γ. As customary, we will write then aλ g for β(a)(1 ⊗ λ g ), where a ∈ A, g ∈ Γ. Moreover we will write
, where τ ′ is the canonical conditional expectation from A ⋊ β,r Γ onto A defined by the continuous linear extension of the prescription τ ′ ( g a g λ g ) = a e . Finally, given the data as above define for each i, j ≥ 0
Note first the following easy lemma, extending Theorem 2.13. 
and for each i, j ≥ 0 we have
The above lemma shows that we have a natural candidate for an orthogonal filtration of the reduced crossed product. This raises two natural questions: first, when does the family {A ij : i, j ≥ 0} indeed form an orthogonal filtration, and second, when can we determine the respective quantum symmetry group. The next theorem involves a condition which identifies the family {A ij : i, j ≥ 0} as an orthogonal filtration arising via the construction described in Subsection 4.2, and further allows us to apply Theorem 5.1 to compute the quantum symmetry group in question. Later, in Proposition 6.13, we will see another, more general situation, under which {A ij : i, j ≥ 0} still forms an orthogonal filtration. Then of course the second question will have to be addressed separately. Proof. The proof proceeds via identifying the sets A ij with those constructed via Proposition 4.9.
By virtue of Lemma 2.11, the coactions β and∆ Γ are induced by π and π Γ , respectively. Note that β and∆ Γ are injective. Thus we can use [35, Theorem 5.2] to deduce there is an isomorphism Θ : 
) is an orthogonal filtration by Proposition 4.9. Hence, the triplet (A ⋊ β,r Γ, τ, (A ij ) i,j≥0 ) is also an orthogonal filtration of A ⋊ β,r Γ.
Then Theorem 5.1 allows us to conclude the proof.
We quickly note that the theorem applies of course to the case of the trivial action.
Corollary 6.3. Let A, B be the filtrations introduced above. Let β denote the trivial action of Γ on A. Then QISO( A ⊗ B) is isomorphic to QISO( A) × QISO( B).
Proof. It suffices to recall that for a trivial action β, A ⋊ β,r Γ is isomorphic with A ⊗ C * r (Γ) and apply Corollary 5.5.
Remark 6.4. Note that the action defined by the formula (6.2) preserves the state τ A . As we will see below, this preservation alone guarantees that the family {A ij : i, j ≥ 0} forms an orthogonal filtration. The example presented in the last part of this section will show however that if we only assume that β preserves τ A , then in general the quantum symmetry group need not be of the form discussed above. More specifically we will prove that the quantum symmetry group QISO( A ⋊ β B) need not be a Drinfeld double of QISO( A) and QISO( B) with respect to any bicharacter. 6.2. Examples. In this subsection we present several examples illustrating the scope of Theorem 6.2 and also discuss the cases in which it does not apply. We begin with the following observation, presenting a general situation where one can apply Theorem 6.2. [44] ). It is well known that (Remark 2.13 of [44] ) ISO(M ) is an object of the category C(E, τ, {V i } i , J, W ) and thus we have a quantum group morphism from T n to QISO(E, τ, {V i } i , J, W ). Now we can apply Proposition 6.5.
In particular, if we take M = T n , the resulting crossed product is the 2n-dimensional noncommutative torus.
Example 6.7. For q ∈ (0, 1) and G a compact semisimple Lie group, let A := C(G q ) denote the reduced version of the q-deformation of G. It is well known that G q is coamenable. Consider the (reduced, ergodic) action of G q on itself, i.e. the coproduct ∆ : A → A ⊗ A. Then the faithful Haar state τ A of A is the unique invariant state for the action ∆. For an irreducible representation π of G q denote by A π the linear span of its matrix coefficients. By [8, Theorem 3.6] , we have an orthogonal filtration A := (A, τ A , {A π } π∈Irr(Gq) ) such that (C(G q ), ∆) is an object of C( A). Therefore, we have a Hopf
Let us recall that the maximal toral subgroup T n of G is still a quantum subgroup of G q , so that we have a Hopf
Thus we obtain a Hopf * -homomorphism from C u (QISO( A)) to C(T n ) and we end up in the framework of Proposition 6.5.
Example 6.8. The situation described above can be generalized to quantum homogeneous spaces of G q (we continue using the same notations as above). Let H be a quantum subgroup of G q , given by the surjective Hopf
, and an orthogonal filtration of C(G q /H) resulting from an application of Theorem 3.6 of [8] . The analogous argument to that in Example 6.7 shows that the conditions of Proposition 6.5 hold also here.
Example 6.9. This example deals with the orthogonal filtrations of Cuntz algebras constructed in Proposition 4.5 in [24] . Let N ∈ N, and let O N be the associated Cuntz algebra. We will denote 
Suppose we have an action of T n on O N which acts on each S i merely by scalar multiplication. We claim that Proposition 6.5 applies to such actions. Indeed, it is easy to see that T n acts by quantum symmetries on O N . Therefore, we have a quantum group morphism from T n to QISO( O N ) and we can apply Proposition 6.5 to obtain an action of Z n on O N satisfying the conditions in Theorem 6.2.
The first example of such a group action is of course the gauge action γ of T defined above. More generally, following Katsura's prescription in Definition 2.1 of [26] , we have actions of
χ being a fixed character of T n (so an element of Z n ). Then we can apply Proposition 6.5 as mentioned above.
6.3. The example of the Bunce-Deddens algebra. This subsection deals with the quantum symmetries of the Bunce-Deddens algebra. Let us recall that the Bunce-Deddens algebra is isomorphic to the crossed product A ⋊ β Z, where A is the commutative AF algebra of continuous functions on the middle-third Cantor set and β is the odometer action on A. More precisely, A is an AF algebra arising as the limit of the unital embeddings
Let us recall a multi-index notation for a basis of A n (the n-th element of the above sequence), as introduced in [10] . For each n ∈ N, J n will denote the set {i 1 i 2 · · · i n : i j ∈ {1, 2} for j = 1, . . . , n}. Multi-indices in J := n∈N J n will be denoted by capital letters I, J, . . . and we let the canonical basis of the algebra A n built of minimal projections be indexed by elements of J n . Hence, the basis vectors of A n will be denoted by e I , where I belongs to J n .
Then the natural embeddings i n : A n → A n+1 can be described by the formula
where we use the standard concatenation of multi-indices. The quantum isometry group (in the sense of [9] ) of the C * -algebra A was studied in [10] . For more details, we refer to Chapter 5 of [21] . Indeed, we can fix a spectral triple on A coming from the family constructed by Christensen and Ivan ( [14] ). It turns out (Theorem 3.1 of [10] ) that the relevant quantum isometry group of A (with respect to that triple), which we will denote S ∞ , is the projective limit of the quantum isometry groups S n of the finite dimensional commutative C * -algebras A n , equipped with suitable spectral triples (or, equivalently, viewed as algebras of functions on respective finite Bratteli diagrams, see [10] ). More precisely, the algebras C u (S n ) are inductively defined by the formulas
Let us introduce some more notation, following [10] . The algebra C u (S n+1 ) is generated by elements {a Kl,Ij : K, I ∈ J n , l, j = 1, 2}, and the coaction γ u n+1 of C u (S n+1 ) on A n+1 is given by the following formula:
e Kl ⊗ a Kl,Ij , I ∈ J n , j ∈ {1, 2}.
(6.4)
The sequence (C u (S n )) n∈N defines an inductive system with connecting Hopf
Further one can check that for all n ∈ N we have
Combining (6.3) and (6.5), we see that for all n ∈ N, I, J ∈ J n ,
Thus, we have a compact quantum group S ∞ arising as a projective limit of this system, a compact quantum group morphism from S ∞ to S n represented by a Hopf
). Let ω ξ denote the canonical trace on A. As explained in Subsection 3.3 of [8] , A can be equipped with an orthogonal filtration (A, ω ξ , {A n \ A n−1 } n∈N ). As a result, by Theorem 3.2 of [8] , the quantum symmetry group of (A, ω ξ , {A n \ A n−1 } n ) is isomorphic to S ∞ . Now let us recall the odometer action β on A. In fact the action β arises as an inductive limit of actions β n of Γ n := Z 2 n on A n . Let I n denote the element (111 · · · 1) ∈ J n .
We first define inductively homomorphisms σ n : Γ n → Aut(J n ), n ∈ N. We do it as follows, for simplicity writing σ i n for σ n (i): first the map σ 1 :
In the inductive step, for each j = 1, 2 and 0 ≤ i ≤ 2 n − 1, the map σ 8) where j + 1 is defined mod 2 and we have used the concatenation of indices. It is clear that
n−1 } denote the standard basis of the finite-dimensional (commutative) algebra C(Γ n ). Then for each n ∈ N the coaction β n ∈ Mor(A n , A n ⊗ C(Γ n )) is defined as
We then easily check that we have an inductive system (C(Γ n ), β n ) n∈N of coactions, with connecting morphisms ψ n,m ∈ Mor(C(Γ n ), C(Γ m )) (for n < m) such that for all n, m, k ∈ N, n < m < k, ψ n,k = ψ m,k • ψ n,m , and a Hopf * -homomorphism ψ n,∞ ∈ Mor(C(Γ n ), C 0 (Z)). In particular for n ∈ N the map ψ n,n+1 is given by
Thus finally we can define the odometer action using the universal property of the inductive limit, so that for all n ∈ N
In what follows, we will replace the symbols σ i n and I n by σ i and I, respectively, unless there is any risk of confusion.
Thus we have an orthogonal filtration A := (A, ω ξ , {A n \ A n−1 } n∈N ) of a unital C * -algebra A and an action β of Z on A. In order to apply Theorem 6.2, we need a Hopf * -homomorphism π ∈ Mor(C u (QISO( A)), C 0 (Z)) such that β = (id ⊗ π) • γ u A . In order to define π, we begin by defining a quantum group homomorphism from C u (S n ) to C(Γ n ). Proof. To prove that π n is a Hopf * -homomorphism, we need to recall the universal property of the quantum group S n . Let us begin by recalling that both S n+1 and Γ n+1 are quantum subgroups of the quantum permutation group S + 2 n+1 . Indeed, this follows from [46] since both S n+1 and Γ n+1 are compact quantum groups acting on A n+1 ≈ C 
Therefore, if δ is an action of a compact quantum group H on A n+1 satisfying the condition
then we have a quantum group morphism from H to S n given by a map Φ ∈ Mor(C u (S n ), C u (H)) such that (id⊗Φ)•γ u n+1 = δ. We claim that the action β n+1 of Γ n+1 on A n+1 satisfies the displayed condition (6.12). Indeed, by (6.3), (6.7) and (6. We naturally need also some compatibility conditions for the morphisms introduced in the last lemma.
Lemma 6.11. For each n ∈ N the following equality holds:
Proof. We fix n ∈ N, j, k ∈ {0, . . . , 2 n − 1} and compute = (ψ n,∞ • π n )(a σ j (I),σ k (I) ) (by Lemma 6.10).
We are ready for the final statement, which implies that the approach of Theorem 6.2 can be used to produce an orthogonal filtration of the Bunce-Deddens algebra.
Proposition 6.12. There exists a Hopf
* -homomorphism η ∈ Mor(C u (S ∞ ), C 0 (Z)) such that
Proof. For each n ∈ N put η n := ψ n,∞ • π n : Mor(C u (S n ), C 0 (Z)). Then the existence of the C * -homomorphism η follows from standard properties of inductive limits once we apply Lemma 6.11. Since each η n is a Hopf * -homomorphism, it can be easily checked that so is η. Finally, the equation (id ⊗ η) • γ u = β follows from (6.11).
6.4. A counterexample. Finally, as announced earlier, we show that the conditions of Theorem 6.2 can be weakened if we are only interested in the existence of an orthogonal filtration, but are actually necessary to obtain the form of the quantum symmetry group appearing in that theorem. Let us start by pointing out that a reduced crossed product can have an orthogonal filtration under more general conditions than those assumed in Theorem 6.2. Remark 6.14. A sufficient condition for the condition τ A (β g (a)) = τ A (a) to hold is that β g (A i ) ⊆ A i for all g ∈ Γ, i ≥ 0. However, this is not a necessary condition as the next example shows.
For the rest of the section we will consider an example where A = C * (Z 9 ), and Γ = Z 3 . The elements of each of these cyclic groups will be denoted by 0, 1, 2, and so on. We fix the (symmetric) generating sets on Z 3 and Z 9 , respectively {1, 2} and {1, 8}, so that each of the C * -algebras in question is equipped with the orthogonal filtration given by the word-length function associated with the corresponding generating set, as in Example 4.3. Let φ be an automorphism of Z 9 of order 3, given by the formula φ(n) = 4n for n ∈ Z 9 . It induces an action of Z 3 on A = C * (Z 9 ), described by the morphism β ∈ Mor(A, A ⊗ C(Z 3 )) via the usual formula (n ∈ Z 9 ):
(6.13)
It is easy to verify that β preserves the trace τ (so that Proposition 6.13 applies), and at the same time considering say n = 1 we see that β does not preserve the individual subspaces in the filtration we defined on C * (Z 9 ). Proof. As discussed before, the action β comes from an action of Z 3 on Z 9 by automorphisms, which we denote by the same letter. We will use the identification C * (Z 9 ) ⋊ β Z 3 ∼ = C * (Z 9 ⋊ β Z 3 ), under which the state τ can be identified with the canonical tracial state on C * (Z 9 ⋊ β Z 3 ). We can use the standard (symmetric) generating set to define the word-length function l : Z 9 ⋊ β Z 3 → N 0 and for n ≥ 0 put U n = Span{λ t : t ∈ Z 9 ⋊ Z 3 , l(t) = n}. Then (C * (Z 9 ⋊ β Z 3 ), τ A , {U n } n≥0 ) is yet another orthogonal filtration of C * (Z 9 ) ⋊ β Z 3 . Moreover, {A i,j } i,j≥0 is a sub-filtration
